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In connection with the construction of a refined theory of plates and shells by
an asymptotic method [1— 6], the question of the plane problem of elasticity
theory for a half-strip arises. In the asymptotic approach, the plate (shell) re-
gion near the edge (or other perturbation lines) is singled out for special con~
sideration., The state of stress of the boundary layer, which damps out rapidly
with distance from the edge, must be taken into account to determine the state
of stress in this region, The construction of the boundary layer [4 — 6]reduces
to an iteration process in each of whose steps the plane and antiplane problems
of elasticity theory for a half-strip should be solved, In the first step it ishence
necessary to solve homogeneous equations with homogeneous boundary condi-
tions for the stresses on the longitudinal boundaries and with different conditions
at the edge. At subsequent stages the solutions of the plane and antiplane prob=-
lems of elasticity theory for a half-strip for given volume forces and for given
stresses on the longitudinal boundaries are required.

The question of the necessary and sufficient conditions for the existence of
damped solutions of the plane problem of elasticity theory for a half-strip with
free longitudinal boundaries in the absence of volume forces is examined in[7].

An extension of the results in [7] to the case when volume forces act on the
half-strip and stresses are given on the longitudinal boundaries is given below,

1, Let us tum to the solution of the above-mentioned problem for a half-strip, We
agree to consider quantities with the dimension of a length to be referred to the half-
thickness % of a half~strip, and the volume forces to be referred to A2,

Let us consider the half-strip 0 < 2 << 00, — 1 y < 1 with the following con-
ditions specified on the edge 2 == 0

0 (0, Y) =1 (1), 0w (0,9) =f2(¥) (problem 1) (L1
2pu 0, ) = £, (4), Oy (0, y) = fo (y) (problem 2) (L.2)
6z (0, ) =fH (), 2w (0, ¥) =f. () (problem 3) (L.3)
2uu 0, ¥) = f, (¥), 2w (0, y) = f2 (y) (problem 4) (1.9

As in [7], we examine the skew-symmetric and symmetric strains of the half-strip sepa-
rately, The boundary conditions on the longitudinal boundaries for all four problems

h th
ave the form o: (2, 1) = & (2), Oy (z, 1) = g2 (2) (1.5)

Let us set up necessary and sufficient conditions imposed on the boundary functions
f1 (¥) and f, (y), upon compliance with which the solution of the inhomogeneous Lamé
equations 3y

Ot 20) 25 + uTh + Ot p) g = — (@ Y) (.6
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%y a2
B gz + Ok 20 55 + O Bgege = — T, 9)

satisfying the given conditions (1,5) on the longitudinal boundaries will be damped out
in the direction of the z-axis.

We construct the damping solution of the problem for the boundary functions corre-
sponding to the damping conditions, We assume with respect to the functions in the right
sides of (1, 8) and (1, 6) that they damp out exponentiaily in the direction of the & -axis,
We shall examine the solution of (1. 6) in the class of damping functions.

Let us use a Laplace transformation in the variable & to construct the solution to(1.6).

We set 0 oo
U@y = u@yerd, Vip)=\v@ yer=dz @D
0 0
and we obtain an inhomogeneous system of ordinary equations for U (p, Y) and V (p,
y) s il /
(-4 20) PU + p g+ A+ W) G- = D (p, y) -9

pp*V + (A 4 2u)%:,—1§ (*+ u)p%% = ¥(p, y)

@ (p, y) = — B (P, y) + 0. (0, y)+u~§§- oo T (20 pu 0, )

Y y)=—Ry(py)+ 00 y) +?»%;— smg T BP0 9)

Here R (p, ¥), Ry (p, y) ate the transforms of 75 (0, ¥), Ty ©, y).
The general solution of (1, 8) is

U (p, ) = a, (p) sin py + az (p) cos py + (1.9
as (p) py cos py + a, (p) py sin py + U, (P, ¥)

V (p, y) = (— ay (p) — %a4 (p)) sin py +
(a, (p) — %483 (P)) cos py -+ a4 (p) py cos py —
as (p) py sin py + Vo (P, ¥)

where U, (p, ), V, (p, y) is a particular solution of (1, 9), Here

U, (p, ¥) = by (p, y) sin py + b2 (p, ¥) cos py + (1. 10)
bs (p, y) py cos py -+ by (p, ¥) py sin py

Vo (P, y) = (— b2 (r, v) — %04 (P, y)) sin py + (b (P, ¥) _""
%,bs (P, ¥)) cos py -+ by (P, ¥) Py cos py — bs (p, y) py sin py
Yy
by (P, y)=—’;-& (¥ (p, y) pycospy + (1.11)
t

@ (p, Y) (%1 c0s py — Py sin py)l dy

bz (p, y) = %i [— ¥ (p, y)pysinpy —
Y2

@ (p, y) (% sin py + py cos py)l dy
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Y
bs (p, y) = —;—S (¥ (p, y)sin py + @ (p, y) cos py] dy
Y

1

Y

ba(p, y) = %& [— ¥ (p, y) cos py + @ (p, y) sin py] dy

Us

VRS & v A p
Atp o’ 2p (M +2p)

We express the stresses in conditions (1. 5) in terms of the displacements and apply a
Laplace transform, We obtain

— OO +AU )+ 0+ | =@ @
—w (0,4) + ppV (p, 1) 4 u-%%

v— Gy (p)

Here G, (p), G, (p) are transforms of the functions g, (x) and &2 (z).

2, Let us first consider skew-symmetric strain of the half-strip, Then a, (p), a4 (p)

in (1,9) equal zero,and ¥, = — 1 and y, = 0 in (1, 11). Determining a, (p), as (p)
from (1. 12), we obtain
a (p)=_4_{..1_(a (p) + Ms (0 1))( B ¢os p+ psin )+ @1
' @ 12 AVESTRCCE SR 4

71};'(@2 (p) + A (0,1)) ( ){:_2}:} sin p — pcos p) +
L i B (A +20)
pou p, 1) (7 sint ) + pha (p, 1) (LR 4 pr))

7507 {7 G (P) + M Q) cosp+ 5 (G (PIHAO) X

sin p+ pba (p, 1) + pba(p, 1) (53 + cos*p)}
¢ (p) =sinpcosp—p

The transforms Gy (p), G (p), Rx (P, ¥), Ry (P, ¥) of the given functions and the
quantities % (0, y), v (0, y), 0 (0, ¥), 0. (0, y) enter into the expressions for
U(p, y) and V (p, y) . Among these latter, two quantities are known for each of the
four problems (1, 1) —(1.4) from the boundary conditions on the butt, while the other two
are unknown. The question of their determination will be examined later,

The functions U (p, ¥), V (p, ¥) can have singularities in the roots of the equation
@(p) = 0 in the complex p plane and at the singular points Gy (p), G2 (p),

R, (p, y), Ry (p, y).Since the functions g (z), & (), ry (z, ), ry (%, y) damp
out exponentially in the  direction, then their transforms have no singularities at the ori-
gin and in the right half-plane,

Equation @ (p)==0 has a third order root at the origin p = 0 and an infinite set of
four first order complex roots p,, Pp,, — Pn, — Pn (B =1,2,.. ).

Since u (x, y), v (%, y) are in the class of damped functions, then their transforms
should have no singularities in the right half-plane including the imaginary axis, For
this it is necessary and sufficient that the residues U (p, y) e, V (p, y)e*™ vanish
relative to the poles p,, p, with positive real part, and relative to the pole p = 0

a3 (p) =
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The residues U (p, z) e*%, V (p, ac)e‘”c relative to the pole p = p, are
resp, U(p, y) er* = z—p—a‘“— (F (Pn) + H (p) b (Prr ) €™

resp, V(p, y)er* = W (F(pn) + H(Pn) 8 (Pns V) e
1

F(p,) = & 16200, ¥) & (Pns ) + 02y (0, ¥) g (P ¥) -+
2uu (0, y) s (pny ) + 200 (0, y) t (s, )1 Ay

where

A2
H (po) = — 5 [cospnggl(x)e p“xdx-i—smpngge(x)e "dz | —

1

h(p, y) = pycos py + ( };vizlf' — cos? p) sin py

g(p, y) = pysin py + (A.—Hx -+ cos2p) cos py

s (p, y¥) = p (py cos py + (1 + sin®p) sin py)
t (p, y) = p (py sin py — sin® p cos py)

The residues U (p, y) ¥*™, V (p, y) &F* relative to the pole p = ( are (¥)

§[h(pm )er(:t, y)e P Az - g (Pu, y)S ry(z, y)e Pn dedj

(2.2)

(2.3)

respoUers = — [ (382 + -3 — S5 v7) o + 204, + A]y 29

A2

6(%—!—8») .
50120 T 3G+ g ) mdy +

(m2+—§—+~ﬁ%—2; ¥) Ay + Age+ 4y

resp—qV eP* = [3;2 —

o 2 om0 90—

Ay = — %%——ﬂ%(gyﬁx(i} y)dy — ﬁ)

A= — (40»4-»)& Y0 (0, y)du+2uS u (0, y)dymv)

37/3
A, T( ) 4 4p

G(HMS y°0x (0, y)dy+2ug(1 —y)v (0 y)dy — 6)

0

The quantities &, P, y, 8 are defined in terms of the given values gy =)y 82 (%),

*) A mistake in the expressions for the residues U7 (p, y)eP*, V (p, y)eP* relative to the
pole p = @ is made in [7]: the coefficients for 4, A, were not written down com-

pletely, which did not affect the subsequent results,
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r. (z, y), ry (&, y) by the formulas

={ (e + Sry (@, v)dy) de 2.9

S8 OQ/:g

[— o0 @) + g2 @) + rs 62 9)— ary 6 ) dy ] do

=
fi

Y= 2'(;__*2_%‘) §{( R + xz) g1 (z) — 2z, (z) +

i[— 2ayr, (z, ¥) + (x“ + T yz) ry (s, y) | dy} do

0

b= (- b+ ) emie 0+

(S —)sen +§[<— gt e+

(_%%-izl}:_)-l_ 3 2+x+2p, )wru(x,y)]dy}dx

it follows from (2. 2), (2.4) that for the residues U (p, ¥) €% V (p, y) € relative
to the poles with positive real part and relative to the pole p = 0 to vanish, it is neces-
sary and sufficient to comply with the conditions

F(pn)+ H(pa) =0 (n=1,2,..)) (2.6)
A;=0 (i=1,23 4 2.7
The system of conditions (2. 7) can be represented in the form
Scxu 0, 9)dy = (2.8)
1
Syﬁx v Y)dy =8 (2.9
0 v 8 1
pTp e § y*0x (0, y) dy + 2p§yu ©,y)dy =+ (2. 10)
3 gap :
ATk \ s 2 -
6(’"+P‘) §y0x(01 y)dy+2ll§(1 y)U(O, y)dy ) (2.11)

For each of the four problems (1. 1) —(1.4), the system of conditions (2. 6),(2.8) —
(2. 11) permits determination of those of the quantities u (0, y), v (0, y), o, (0, ¥),
O,y (0, y) which are unknown from the boundary conditions at = (), and obtaining
two conditions imposed on the boundary functions which are necessary and sufficient for
the existence of the damped solution,

To pass to the transforms U (p, y), V (p, ¥) in (2, 1) to the originals u (z, ¥),

v (2, ¥) ,let us represent U (p, y), V (p, y) of the sum of two components
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U, y)=U@,y+ U® @9,V (p,y) =VO(p, y) +V?(p, ¥)(2.12)

The components UM (p, y), VW (p, y) correspond to transforms for the displacements
in the half-strip in the absence of volume forces and stresses on the longitudinal bound-
aries, Transforms of the volume forces and stresses at y = o4 1 enter into the terms
U(ﬁ) (p7 y), V(Z) (P» y)‘ .

We use the inversion theorem to find the originals for UM (p, y), VO (p, y) and
the convolution theorem, the inversion theorem, and the theorem on integration with re-
spect to a parameter for U (® (p, y), V® (p, y) . We consequently obtain

u(@ ¥) = 3 W= Puw @ y) +u* (— P 2, ) (2.13)

v(x, y)= nél (0* (— P» %, Y) + v* (— P, 2, %))

u* ("- P 2, y) =
Adn 1 ~P,x
4 (A +2p) p,sin?p, [F(— pa)e + K (= Pu, )] 2 (Pn 1Y)
V*(— Pn, %, ¥) =

Adp 1 ~p, %
Tt om posmip, L (T Pe " + K(—pu 2)1g (Pu Y)

The values of F (— p,) are given in (2.3) and for K (— pp, &) we have

x

K(— pn %)= S {ﬁﬁf (— ©c0s pngy (§) 1 sin prgs (E)) — (2.14)

1
S [— 2 (pns 1) T (8s y) + 8 (Pn ¥) T (& W) dy} e Pnl* 8 ge
0
The expressions (2, 13) for the displacments still contain unknown quantities which en-
ter into F (— pp) and F (— Pnp). We examine the question of determining them
and of setting up the damping conditions for each of the problems (1, 1) — (1. 4).
We have two damping conditions for problem 1 from (1. 1),(2.8) and (2. 9):
1 1
sz(y)dy=a, Sfl(y)ydyzg (2. 15)
0 0
The values of @, f§ are given in (2.5), The conditions obtained are static in nature .
They can be obtained from the equiiibrium conditions for a half-strip subjected to allthe
effects applied to it.
The system of conditions (2. 10),(2. 11) and (2, 6) is used to determine the unknowns
u (0, y), v (0, y) in the solution (2. 13). The method of determining these quantities
from the system of conditions mentioned is given in [7].
We have two damping conditions for problem 2 from (1. 2) and (2. 8), (2. 10)
1 1 1
A
dy=a, —-———S 2 d: S dy = 2,16
§fz(y) y 4(A+m0f2(y)y y+oi1(y)y y=vy (2.18
Only the first of these conditions can be obtained from the static equilibrium conditions

for a half-strip.
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The system of conditions (2. 9),(2, 11) and (2, 6) permits determination of the unknowns
o, (0, y), v (0, y) However, their determination can be avoided in constructing the
damped solution of the problem in the case under consideration since the system of con-
ditions (2, 6) permits elimination of o (0, ¥), v (0, y) from the solution (2, 13). In
fact, we have from (2, 3)

1
F(—" pn) = S {"" Gx (07 y) h(pm y) + va(o’ y)g (pm y) + (2' 17)
1]

2p'u (Ov y) § (pm y) - 2!“'” (Os y) t (pm y)} dy

Adding the quantity F (p,) + H (pr), which equals zero according to (2. 6), to the
right side of (2, 17), we obtain an expression for F (— py) in terms of quantities known
from the conditions (1,2) at 2 =

Fi—=p) =2 110)g0n ) + h@)s(ow NIy + H(p) (219
0

We have two damping conditions for problem 3 from (1, 3) and (2. 9),(2. 11)

1 1 1
\hwyay=p G2 novray+{a-Phoa =3 @9
o 0 0

Only one of these is static in nature, The system of conditions (2, 6) permits elimination
of the unknowns u (0, y), G,y (0, y) from the solution (2. 13). It can be found that
1

F(—p)=— 2§ Vs ) (Pas §) + fa(0) £ (Pas y) 1 dy — H (pa)  (220)

The unknowns 0y (0, ¥), Ouy (0, y) for problem 4 enter into all the conditions(2.6),
(2.8) —(2.11), Without determining them it is impossible to obtain either the solution
of the problem or the damping conditions,

Hence, ¢, (0, y), O (0, y) should first be determined from conditions (2. 6), (2.8),
(2. 9). (The method to determine them is given in [7](*)) . Afterwards, we obtain the
two damping conditions imposed on the boundary functions f; (y), f; (y) from (2, 10)
and (2,11),

3, Letus consider the symmetric strain of a half-strip. Then a; (p), a; (p) are

zero in (1,9), while y, = 0, Yo = — 1 in (1, 11), Determining @, (p), @, (p) from
(1. 12), we obtain . ‘ "
s (1;) = m{— W (Gl(:;) + Au (0, 1) (m sin p — pcosp) e
ey (G (p) + Av (0, 1)) (T_{-i'-% cosp - psinp) — 3.1

phi(p, 1) (T—T-—p -+ cos? p) + pbs(p, 1) (%’x_'_il%'ﬁ"l + pz)}

o7 {3 G (P + M (0, )sinp—

24 (P) = —o oy

*) There is a misprint in formula (4. 2) for ®, (¥) in [7]. It should be considered that

o =(33)
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7 (G (P) + W (0, D) cos p +
Po1(p, 1) + pbs (2, ) (— 52 + cos* p)}
¢ (p) =sinpcosp +p

The equation @ (p) = O has a first order root at the origin and an infinite set of four
complex first order roots Py, Pp, — Pp, — Py. In conformity with this, U (p, y)
has a second order pole at p = 0 and a first order pole and complex roots of the equa-
tion@ (p) = 0,and V(p, y) is a simple pole in all the roots of the equation @ (p)=0,

Equating the residues U (p, y) €™, V (p, y) ™ relative to the poles p, with posi-
tive real part to zero, we have the system of conditions

Fu) +Hp) =0 ¢n=12,.) (3.2)
where

1
F(p) = 1020, ) (P, 9) -+ 050, 9) 8 (P 1) +
2p12 (0, Y) 8 (Pny ¥) + 210 (0, Y1t (Pry ¥)1 Y

1
H (pn)=— Lia [sin Pn S g1(z) e Pr*dz—cos p, S g2(7) e"’n"dx] —
0 o

A
1 . )
§ [h (Pus y)§ re (@, ¥) € P dz + g (pu 1) § 1y (2, ) P dsc] dy
0

h(p, y) = py sin py — (,U_'f_u +coszp)cospz/

g(p, y)= — pycos py + (ﬁ; -} sin® p) sin py

s (p, ¥) = p (py sin py — (1 + cos® p) cos py)
¢t (p, y) = p (— py cos py — cos?® p sin py)

Equating the residues U (p, y)e*, V (p, y) €™ relative to the pole p = 0 to zero,
we obtain the two conditions 1

V0.0, y)dy =a (3.9)
[ 4]

1 1
A
WSGW(O’ y)ydy+2u§u(0, y)dy =B (3.4)

¢
Here

a=\ [gl(x) + oer (@, ¥) dy]dw
0

2(A+w)

Let us turn to the construction of the damped solution for a haif-strip, As in the case
of the skew-symmetric strains, we represent U (p, 1), V (p, y) as the sumof two terms,
the first of which are transforms for the displacements in the absence of volume forces and
stresses on the longitudinal boundaries, and the second contain transforms of the volume

B = 2 °§°{—-xgz<x)+§(—-m<xy>+ o v (@ ) d9) | do
0 1]
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forces and stresses at £ = o= 1, We use the inversion theorem to find the originals cor-
responding to the first term, We use the convolution theorem, the inversion theorem, and
the theorem on integration with respect to a parameter to construct the originals for the
second terms, We consequently obtain

u(z, y) = n§1 @* (— Pn: %, ¥) + u* (— Py 2, ¥)) (3.5)

v (zv y) = nzl (v* ("" DPny 2 y) -+ v* (—' Py 2, y»
u* (—' Dny T y) =
1 -p, %
- 4}&?7::-“2}&) P, 082 p, (F(—pa)e P + K (— Pns )1 B (Pns ¥)

v (— Pn, 2, y) =
4 -pyx
— G w2 K=o 2 (o)

x
K (—pu 2)= S {32 (sin pogs (&) + 008 pus () —
1
Cl— 2 (Pw 972 (6 ) + € (P )T @ 9)) Ay e P Dt
0
Let us examine the question of the damping conditions for problems (1, 1) — (1.4). We

obtain the damping condition for problem 1 from (1, 1) and (3, 3)
1

(hwdy=a
0
This condition is obtained from the static equilibrium conditions for a half-strip, Con-
ditions (3.2),(3,4) are used to determine the unknowns u (0, ), v (0, y) in (3.5).
(The method is indicated in [7]).
We have the damping condition

1 1
A
wgfz(y)ydy + Sh(y)dy =P

0 0

for problem 2 from (1. 2) and (3. 4).
The system of conditions (3, 2) permits elimination of the unknowns v (0, ¥),0,. (0, ¥)
in the expression for F (— p,) from the solution (3,5), We consequently obtain
1

F(—pp)=— 28 [f2(¥) & (Prs ¥) + F1(4) 5 (P )} dy — H (py)

1]
For problem 3 we obtain the same damping condition from (1. 3) and (3. 3) as for prob-
lem 1. The system of conditions (3, 2) permits elimination of the unknowns u (0, ¥),
0.y (0, y) from the solution (3, 5), In this case we have for F (— pp)
1

F(—pa) =2\ (A ) 2 (Pws 9) + £ 0) ¢ @r, 1)) dy + H (py)

0
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For problem 4 the unknowns 6, (0, y), o, (0, y) enter into all the conditions(3,2)~

(3. 5) and into the solution (3, 5). The system of conditions (3. 3),(3.2) permits determ-
ination of the unknowns o, (0, ¥), o, (0, y). From (3.4) we afterwards obtain the con-
dition imposed on the function f; (y), which it is necessary and sufficient to satisfy in or-
der for the damping solution to exist,
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